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Let G be a finite group and F a finite field. Then the conjugacy class sums form an F-basls of 
the centre of the group algebra FG and consequently they play an important role in modular 
representation theory. In this paper we present an efficient algorithm for calculating class ums 
in the case ef permutation modules. It is applied to calculate block idempotents, which enables 
us to get a decomposition of permutation modules. The method has been implemented as a 
CAYLEY-procedure and we will give two examples. Finally, in the case of an arbitrary induced 
module we show that there is no advantage in restricting attention to class representatives, 
Introduction 
Let G be a finite group, F a f inite field and FG the corresponding roup algebra. The 
centre of FG has an F -bas is  consist ing of the eonjugacy class sums. Hence these sums occur 
in many  formulas of modula~ representat ion theory, e.g. in Osima's theorem for computing 
block idempotents.  In the first section we prove a formula for the calculation of conjugacy 
class sums in the case of permutat ion  modules, Rather  than summing over al l  elements 
in a conjugacy class of a permutat ion  group, we use only a single representative for each 
class and we present an efficient a lgor i thm to compute class sums using this method. The 
second section begins wi th  Osima's theorem and we explain how to use our algorithm for 
the computat ion  of block idempotents .  Using this we are able to construct direct summands 
of permutat ion  modules and we compare our method with parker 's  meataxe. All this is 
i l lustrated in the third section, where we give two examples. In the first one we apply 
the a lgor i thm to a 3-block of defect 0 for the project ive special l inear group PSL3(4) to 
construct a 45-dimensional  representat ion over GF(9);  the second example deals with Tits 
simple group 2F4(2)' and the pr incipal  5-block of defect 2. Here we get a 430-dimensional 
direct summand of a 1755-dimensional permutat ion module. Finally, in the last section, 
we examine arbi t rary induced modules  and show thaL there is no efficient way to construct 
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conjugacy class sums by using only a single class representative. The reader may consult 
the book of Landrock (1983) for an account of the necessary background in representation 
theory. 
1. The  Class Sum Formula 
Throughout he paper G will denote a permutation group which acts on the set ~2 = 
{1, . . . ,  n}, where the action is not necessarily transitive, Also let F~ 2 := {(i, j) l i , j  e ~ 
be the set of ordered pairs in ~. For x E G we define P(x) (the "pMrs"of x) by P(x) := 
{(i, i ~) li e ~2}. Finally K = x a denotes the conjugacy class containing z while K denotes 
the corresponding class sum. 
LEMMA (Class Sum Formula): Let G be as above, let V = F~ be the permutation 
module oY~2 and let A = (a~j) be the n • n-matrix corresponding to -K in the perrnutagon 
representation. Then 
IKI • IP(x) n (i,j)al 
~j  = i(i,j)a I 
PROOF: We define S by 
s:= ~ ~ IP(v) n(k, OI. 
(kJ)E(ij)~ yeK 
Evaluating the inner sum first yields: 
S = E akl" 
(k,t)e(i,/) G 
Since G acts transitively on the orbit (i,j) a and I-( is in the centre of FG, alj = akt for 
all (k, t) e (i,j)a Therefore 
s = l ( i , j )~  x aij. 
If~ on the other hand, we evaluate the outer sum first we get 
S --- ~ IP(y) n ( i , j )a  I 
yEK 
= Iz~'L x IP(~)n (~,j)% 
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The formula has been implemented as a CAYLEV-procedure (Cannon, 1984) for transitive 
permutation groups using the following ideas: 
NB 1: The formula needs to be evaluated only for the orbit representatives of G on ~2. 
NB 2: If G is transitive, it is sufficient o calculate the first row of the class sum matrix, 
since any other row can be generated as follows: Let gl E G be chosen such that 
1 a' = i. Then a~i j = al,j,,. 
NB 3: The only computationully difficult part is the computation of the intersection 
[P(x) F1 (i,j)a[. Note that, if (i,i ~) lies in (i, j) a, then so does (i~,i=2). Thus 
only one pair (i, i *) needs to be considered for each cycle of x. 
The advantage of the first point is demonstrated in the case where G is the Tits sim- 
ple group 2F4(2)', given as a permutation group on 1755 letters. Since G is a rank 5 
permutation group, it suffices to consider 5 of the 17552 entries using the formula. 
2. An  Appl icat ion in Block Theory  
This technique can be used to explicitly calculate block idempotents using the following 
theorem by Osima (Landrock, 1983, p. 200). 
THEOREM (Osima): Let (F, R, K) be a splitting p-modular system for ~he ~nite group G. 
Further let B be a p-block of G and let X1, . . . .  Xr be the ordinary irreducible characters 
orB. Then the block idempotent eS is given by the formula 
where K I , . . . ,  Kk(a) are the different conjugacy classes of G. 
Osima's formula can also be used to compute the block idempotent eb E FG, where b 
is the FG-block corresponding to B. Now let Veb be the invariant subspace of V = F12 
extending a basis of V, b to a basis of V, where A is the matrix for the action of x on the 
module V,~. 
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NB 4: Observe that the basis of Ve~ consists of the linearly independent rows of eb. 
Thus at no time is it necessary to compute the complete matrix for eb, since by 
NB 2 it is only necessary to generate rows until the dimension of Ve~ is reached. 
Note that this dimension is known from the decomposition of the permutation 
character into its irreducible constituents. 
REMAI~K: The implementation f Osima's theorem is a great improvement on the meataxe 
algorithm (Parker, 1984) for splitting a modular epresentation. Our method is determin- 
istic whereas the meataxe is a probabilistic algorithm. F~rthermore, we require much less 
storage. If G is given as a permutation group of degree n on k generators, and if r is the 
dimension of Veb, then the meataxe requires at least (k + 1) n • n-matrices to construct 
the r-dimensional representation V~ b whereas the implementation f Osima~s theorem 
requires only one r x n-matrix for the basis of Vr b and k r x r-matrices for the represen- 
tation. Thus the ability to calculate block idempotents makes it possible to handle much 
larger modules khan can be dealt with by the meataxe. 
Nevertheless our method will only find direct summands of permutation modules. 
Thus a sensible strategy for splitting a permutation module is to proceed as follows: 
1. Split off the direct summands so as to reduce the dimensions of the modules (see 
example 2). 
2. Use the meataxe to find the irreducible constituents of the summands. 
3. Examples  
The method has been used in the following situations: 
a) Blocks of defect 0 
In this case 0sima's formula can be simplified and additionally, Ve~ is the required irre- 
ducible representation. (b-Yore theory we know that it must be the direct sum of l copies 
of an irreducible representation.) 
Let G = PSL3(4) and p = 3. Then F = GF(32) is a splitting field for G. Let U be the 
normalizer of a Sylow-3-subgroup of G and V = ( lv)  a its permutation module. Then by 
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the Atlas (Conway et al., 1985) its permutation character decomposes a  
X = 1~ + X20 + X35 + X~s + X~' 5 + X,t5 + X~5 + X64, 
where la  is the trivial character and X, is a character of degree n. We have dlme(V)  = 
IO : uI = 280. 
Let eb be the block idempotent corresponding to a block of defect 0 which is 
determined by X4~ and let S -- V~. In the appendix the matrices for S are given. They 
correspond to the generators x and y in the permutation representation f PSL3(4) on 
21 letters, where 
= (1, 21)(5, 6)(7, 9)(8,18)(10,12)(n, 15)0 3,17)(14,16) 
y = (1, 16, 13, 10)(2, 9, 17, 20)(3, 6, 15, 7)(4, 21)(5, 14)(11, 12, 18, 19). 
b) :Blocks of positive defect 
In this case the irreducible representations can be found using our method in combination 
with the meataxe. 
Let G be the Tits simple group 2F4(2)' and F = GF(25). Then IGI -- 211 9 33 . 52 9 13 and 
G is given as a permutation group on 1755 letters. Generators for G in this representation 
may be found in the CAYLEY library. The permutation chozacter X decomposes a
X = lv + XTs + X351 + X6s0 +X675. 
Here la,  XTs and X351 belong to a 5-block of defect 2, whereas Xss0 arm Xs75 lie in blocks 
of defect 0. 
From the decomposition matrix of the Tits group (HiB, 1986) it is known that 
the 78-dimensional representation remains irreducible whereas the 351-dimensional repre- 
sentation decomposes a  351 = 1 + 27 + 2-7 + 78 + 109 + 109'. (2-7 denotes the dual module 
of the 27-dimensional representation a d 109' is a Galois conjugate of 109.) 
Using our method in combination with the meataxe all modular irreducible repre- 
sentations of the block of defect 2 contained in the permutation module were found. They 
may all be realized over GF(5), except for the 109-dimensional representations which may 
only be realized over GF(25). In the appendix a 27-dimensional representation for the 
Tits group over the field with 5 elements is given. Their generators correspond t  the 
generators given in the CAYLEY library. 
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4. Induced Modules  
In this last section we look briefly at arbitrary induced modules; so let us start with some 
notation. 
Let G be ~ finite group, H a subgroup of G with index n, and let T = 
{~l,t~,. .. , t ,} be a right transversal of H in G. We consider the permutation rep- 
resentation of G given by the action of the elements on the right cosets of H in G 
or, for simplicity, on the set f/ = (1, . . .  ,n). Furthermore let F be ~ field a~d M 
arl FH-modute with basis {va,...,vm}. Then the induced FG-module M ~ has basis 
{vl | t j] i  = 1 , . . .  ,m, j  = 1,.. .  ,n} and the action of 9 9 G on a basis vector is given by 
(vi | t j )  9 g = v l .  zj  | tk, where t jg  = Zjtk,  z j  9 H. 
The matrix for g 9 G in the representation afforded by M e depends on the pairs ( j ,  k) and 
on the matrices corresponding to zj in the representation afforded by M for j ~- 1,. . . ,  n. 
Now we wish to construct the matrix corresponding to gX afforded by M ~ knowing only 
the matrix corresponding ~o g and the element x 9 G. This is not a problem for the pairs 
(j, k) since it is only necessary to view x as a permutation on ~. A harder problem is 
determining the elements zj  9 H .  This would be straightforward if they are just permuted 
by the action of G. Assume for a fixed x 9 G that this is true for every g 9 G. Then x 
has the s property: 
(P ) :  t l  . g = zl,a . tlo ~ ti~ . g~ = zi,g . tlo= Yg 9 G, i E fL  
But not all x 9 G have property (?)  because of the following lemma. 
LEMMA: i f  X 6 G ha8 proper ty  (~) ,  then x 6 t71 9 Z (H)  9 ti* for i = 1 , . . .  ,n ,  where Z(H)  
is the centre of H. 
PROOF: We assume that x 6 G has property (:P) and we define elements zl,g 6 H by 
tl " g = zl,g 9 tiu for all g E G, i E ~2. Then by property (~) we have 
ti~ 9 gZ = Zi,g 9 tio~ Vg G G, i E ~.  
From this information we get 
gX = t~a . zi,g 9 tig~ 
= t~ 1 "tl "g ' t~ 1 "~i.= 
= (~.  ~) "o" (t5 ~" t~) -~" (G  ~ 9 t~.t?~ . t~,~) 
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Define al := (t~ 1 "~i) -a, bl,g := t~, 1 9 ti . t~l "tlg,. Then we have g~ = g=i 9 bi,g for every 
g 6 G, i 6 g~. If in particular, g 6 Stabo(i), then bi,a = 1, so 
g~ = g~' Vg 6 Staba(i) 
and we get 
x " ar'  -- x" ~V " t, 6 N C~na(g) : N tO .  Oen&)  . t,. 
gEStabG(i) g6H 
I t  follows that 
. . t ;  x e N Ce o(g). 
g6H 
On the other hand, since tl ' x 9 t~ x 6 H, we have 
gEH 
So given one representative g for a conjugacy class in G and its matrix afforded by M a, 
there axe at most IZ(H)[ • n elements gX in the class of g, whose matrices can be found 
cheaply. This may be fax too few elements. In genera/, there seems to be no way of com- 
put ing a conjugacy class sum for an arbitrary induced module using ~ single representative 
f rom each class. 
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Appendix 
1. A 45-dimensional representation of PSL~(4) 
RIMG : GF(3*2)  INDEX POLYNOMIAL  : X '2  + X + 2 . PR IMIT IVE  ELEMENT : A 
For  e impl i cs  on ly  the  powers  o~ A have  been pr in ted  out .  
Thus :  . means  O,  0 means  A*O = i ,  1 means  A ' l ,  . . .  
Generator  X :  Generator  Y :  
.0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 .25 .16 .4 .7 .3  . .0  . . . . . . . . . . . . . . .  1 . . . . .  6 . . . .  2 . . . . . .  1 . .5 .2 .0 .  
0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 .25 .55 ,2 .7 .0  . . .0  . . . . . . . . . . . . . .  3 . . . . .  5 . . . . . . . . . . .  5 , .3 . . .4 .  
. . . .  0 . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 .6 . .57 .3 .1 ,7  . . . . .  0 . . . . . . . . . . . .  2 . . . . .  6 . . . .  3 . . . . . .  2 . .0 .7 .5 .  
. . .0  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.56 ,52 .7 .0 ,1  . . . . . .  0 . . . . . . . . . . .  0 . . . . .  1 . . . .  3 . . . . . .  1 . .2 .5 .3 .  
, .0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.6 ,  .62 .6 .1 .6  . . . .  0 . . . . . . . . . . . . .  2 . . . . . . . . . .  7 . . . . . .  6 ,  ,6 ,2 .4 ,  
. . . . . . .  0 . . . . . . . . . . . . . . . . . . . . . . . .  5 .23 ,36 .6 .2  . . . . . . . . . .  0 . . . . . . . . . . . . . . .  3 . . . .  3 . . . . . . . . .  2.3 .3 .  
. . . . . . . . .  0 . . . . . . . . . . . . . . . . . . . . . .  5 .2 . .0 . .0 .5 .0  . . . . . . . . . .  0 . . . . . . .  1 . . . . .  4 . . . .  5 . . . . . .  7 . .1 .5 . . .  
. . . . .  0 . . . . . . . . . . . . . . . . . . . . . . . . . .  5 .23 .73 .4 .2 .0  . . . . . . . . . . .  0 . . . . . . . . . . . . . . . . .  2 . . . . . .  1 . .0 .1 .3 .  
. . . . . . . . . . . .  0 . . . . . . . . . . . . . . . . . . .  1 .75  . . . .  7 .7 .7  0 . . . . . . . . . . . . . . . . .  3 . . . . .  7 . . . .  7 . . . . . .  i . .1 . . .4 .  
. . . . . .  0 . . . . . . . . . . . . . . . . . . . . . . . . .  5 .2 . . .2 .1 .5 .7  . . . . . . . . . . . . .  0 . . . .  0 . . . . .  5 . . . . . . . . . . .  2 . .1 . . .6 .  
. . . . . . . . . . . . . .  0 . . . . . . . . . . . . . . . . .  2 .10 .11 .4 .1 .3  .0  . . . . . . . . . . . . . .  . .3  . . . . .  3 . . . .  6 . . . . . .  3 . .2 .1 .7 .  
. . . . . . . . . . . . . . .  0 . . . . . . . . . . . . . . . .  4 .57 .73 .6 .5 .1  . . . . . . . . . . . . . . . .  0 .7  . . . . .  I . . . .  2 . . . . . .  3 . .7 .6 .0 .  
. . . . . . . .  0 . . . . . . . . . . . . . . . . . . . . . . .  1 .75 .06 .4 .7 .0  . . . . . . . . . . . . . . . . .  01  . . . . .  7 . . . .  i . . . . . . . . .  0 .7 . . .  
. . . . . . . . . . . . . . . . . .  0 . . . . . . . . . . . . . . . . . .  33 .7  . . . . . . . . . . . . . . . . . . . . . .  10  . . . .  4 . . . . . . . . . . .  2 . .5 .2 .3 .  
. . . . . . . . . .  0 . . . . . . . . . . . . . . . . . . . . .  2 .10 .11 .4 .1 .3  . . . . . . . . . . . . . . . . . .  1 .0 . . .4  . . . . . . . . . . .  5 . .2 .2 .5 .  
. . . . . . . . . . .  0 . . . . . . . . . . . . . . . . . . . .  4 .57 .36 .3 .5 .6  . . . . . . . . . . . . . . . . . .  4 . .0  . . . . . . .  6 . . . . . . . . .  7 .5 .7 .  
. . . . . . . . . . . . . . . . . . . . . .  0 . . . . . . . . .  5 .2 . .16 .6 .5 .2  . . . . . . . . . . . . . . . . . .  6 . . . .  02  . . . .  0 . . . . . .  O . .3 .5 .7 .  
. . . . . . . . . . . . . . . . . . . . . . . .  0 . . . . . . . . .  52 .66 .2 .1 .1  . . . . . . . . . . . . . . . . . .  5 . . . . .  40 . . .2  . . . . . .  7 . . . . . .  4 .  
. . . . . . . . . . . . .  0 . . . . . . . . . . . . . . . . . . . . . . .  02 .6 . . .3  . . . . . . . . . . . . . . . . . .  7 . . . . .  0 .0 . .2  . . . . . .  4 . . . .  3 .2 .  
. . . . . . . . . . . . . . . . . . . . . . . . . . .  0 . . . .  5 . .6 .26  . . . . .  2 . . . . . . . . . . . . . . . . . .  5 . . . . .  O . . .06  . . . . . .  3 . .2 .6 .7 .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0 . . . .  22 .0  . . . .  2 .6  . . . . . . . . . . . . . . . . . .  7 . . . . .  1 . . . .  60  . . . . .  7 . .7 .4 .3 .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  O . .74 .06 .6 .7  . . . . . . . . . . . . . . . . . . . .  5 . . . . .  0 . . . .  7 . .0 . . .2 . .7 .7 .6 .  
. . . . . . . . . . . . . . . .  0 . . . . . . . . . . . . . . .  5.2 . .55 .0 .5 . .  
. . . . . . . . . . . . . . . . . . . . . . .  0 . . . . . . . .  4 .36 .42 .3 .6 .6  
. . . . . . . . . . . . . . . . .  0 . . . . . . . . . . . . . . . .  52 . .1 .5 .1 .2  
. . . . . . . . . . . . . . . . . . . . . . . . .  0 . . . . . .  1 .6 . .76 .2 .1 . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  32061,2 .5 ,6  
. . . . . . . . . . . . . . . . . . .  0 . . . . . . . . . . . .  5 .  ,6 ,13 .5 . . .3  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  32.7502.3 . .  
. . . . . . . . . . . . . . . . . . . .  0 . . . . . . . . . . . . .  22.0  . . . .  2 .6  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.44 .07 .500.3  
. . . . . . . . . . . . . . . . . . . . .  0 . . . . . . . . . . . .  74 .32 .7 .7 .7  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4 . . . .  06 .2 .  9 .5  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  52 .32 .2 .203  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4 . .17 .3 . . .6  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4 .42 .6 . . .1  
. . . . . . . . . . . . . . . . . . . . . . . . . .  0 . . . . . . .  32 .70 , .  ,5 .3  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  33 .7 , ,  .2  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  73 .1 . . .4  
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  0 . . . . .  32 .53 .3 .3 .3  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  53 .1 . . .2  
. . . . . . . . . . . . . . . . . .  7 . . . . . . . . . . . . . .  O .  , t .  .0 .  9 .2 .  
. . . . . . .  0 . . . . . . . . . .  5 . . . . .  0 . . . .  0 . . . . . .  5 .  .6 .3 .4 .  
. . . . . . . . . . . . . . . . . .  1 . . . . . . . . . .  0 . . . .  0 .4  . . . .  0 .6 .  
. . . . . . . . . . . . . . . . . .  7 . . . . .  1 . . . .  4 . . . . .  04 . .3 .  9 .6 .  
. . . . . . . . . . . . . . . . . .  0 . . . . .  0 . . . .  7 . . . . . .  0 .6 .7 .4 .  
. . . . . . . . . . . . . . . . . .  0 . . . . .  1 . . . .  0 . . . . .  5 .01 .0 .0 .  
. . . . . . . . .  0 . . . . . . . .  7 . . . . .  0 . . . .  3 . . . . .  6 . .4 .1 .1 .  
. . . . . . . . . . . . . . . . . .  7 . . . . .  3 . . . .  2 . . . . .  4 . .602 .1 .  
. . . . . . . . . . . . . . . . . .  3 . . . . .  5 . . . .  1 .0 .  . .2 . .4 .0 .0 .  
. . . . . . . . . . . . . .  O . . .5  . . . . .  0 . . . .  3 . . . . .  4 . .5 .6 .7 .  
. . . . . . . . . . . . . . . . . .  4 . . . . . . . . . .  6 . . . . . .  7 . . . .  604 .  
. . . . . . . . . . . . . . . . . .  4 . . . . .  7 ,  .0 .3  . . . . . .  O . .3 . . .7 ,  
. . . . . . . . . . . . . . . . . .  7 . . . . .  2 . . . .  2 . . . . . .  5 . .4 .2 . .0  
. . . . . . . . . . . .  0 . . . . .  5 . . . . .  4 . . . .  2 . . . . . . . . .  2 . . . . .  
. . . . . . . . . . . . . . . . . .  7 . . . . .  3 . . . .  2 . . . . . .  4 .  .4 .2 .4 .  
. . . . . . . . . . . . . . . . . .  0 . . . . .  7 . .  .3  . . . . . .  2 . . . .  5 .0 .  
. . . . . . . . . . . . . . . . . .  7. . .0 .4 . .  .4  . . . . . .  2 . .1 .1 .6 .  
. . . . . . . . . . . . . . . . . .  0 . . . . .  4 . .  .3  . . . . . .  2 . .4 .3 .4 .  
. . . . . . . . . . . . . . . . . .  4 . . . . .  0 . .  .1  . . . . . .  2 . .4 .7 .3 .  
.3  . . . . . . . . .  2 .7 .0 ,  
.2  . . . . . .  3 . .5 .2 .3 .  
.6  . . . . . .  3 . .0 .6 .3 .  
.5  . . . . . .  4. .5 .5 .7 .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.2 .44 .36 .3 .0  . . . . . . . . . . . . . . . . . . . .  7 . . . . .  6 . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  53.7 .4 .2  . . . . . . . . . . . . . . .  O . .4  . . . . .  3 . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  052,70 .7 .2 .5  . . . . . . . . . . . . . . . . . .  3 . . . . .  7 . .  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  20 .4 . . . I  . . . . . . . . . . . . . . . . . .  7 . . . . .  4 .  9 
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2. A 2T-d imensional  modu le  o f  the Tits s imple group over  GF(5) 
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.42 .444324. .21.4321. .142. .1  
.33324..243342.1.433324.443 
,2142.424124423124,2,441.44 
. .43.41.241,4.43334.214234.  
